Obstructions to deforming curves on a 3-fold, I: 

A generalization of Mumford's example 
and an application to Horn schemes 

Shigeru MuKAl* and Hirokazu NASU't' 

Abstract 

We give a sufficient condition for a first order infinitesimal deformation of a curve 
on a 3-fold to be obstructed. As application we construct generically non-reduced 
components of the Hilbert schemes of uniruled 3-folds and the Hom scheme from a 
general curve of genus five to a general cubic 3-fold. 

1 Introduction 

We study the (embedded) deformation of a (smooth projective) curve C on a smooth 
projective 3-fold V under the presence of a certain pair of a smooth surface S and a 
smooth curve E such that C, E G S G V. In other words we study the Hilbert scheme 
Hilb^^ V of smooth curves on V with the help of intermediate surfaces. Let C be a first 
order infinitesimal deformation of C G V. As is well known, C determines a global section 
a of the normal bundle Nc/v- It also determines a cohomology class ob(a;) G H^{Nc/v) 
such that C lifts to a deformation over Spec k[t]/{t^) if and only if ob(a) is zero ( §2.11) . 
This ob(Q;) is called the (primary) obstruction of a (or C). It is generally difficult to 
compute ob(a;) for given a. In this paper, we give a sufficient condition for ob(a) 7^ 
in terms of 7Cs{(y), the exterior component of a (Theorem 11.61) . Here tts is the natural 
projection Nc/v ^ Ns/v\c- 

In each of the following examples, the tangent space tw,c of the subvariety W is 
everywhere of codimension one in H^{Nc/v), the tangent space of Hilb*'^ V. If [C] G W is 
general, then every a G H^{Nc/v) not in tw,c satisfies the condition, hence is obstructed. 
Therefore Hilb*'^ V is everywhere non-reduced along W. 
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Example 1.1. Let V be the projective space P'^, 5 C P'^ a smooth cubic surface, E G S 
a (— 1)-P^ and C C 5* a smooth member of the hnear system \4h + 2E\ ^ P'^'^ on S. C is 
of degree 14 and genus 24. Such C's are parametrized hj W = W^^ C Hilb'^'^P^, an open 
subset of a P^'^-bundle over \3H\ ~ P^^. Here if is a plane in P^ and h is its restriction to 
S. 

Example 1.2. Let be a smooth cubic 3-fold V3 C P^, S its general hyperplane section, 
E C S cL (-l)-P^ and C C S a smooth member of \2h + 2E\ ~ P^^. C is of degree 8 
and genus 5. Such C's are parametrized by = W^^ C Hilb'^'^y, an open subset of P^^- 
bundle over the dual projective space P^'"^. Here h is the restriction to S* of a hyperplane 
H of P^ (See gOfor details.) 

For many uniruled 3-folds V, we can find a curve C G V similar to the above examples. 
More precisely we have the following: 

Theorem 1.3. Suppose that E is a (— 1)-P^ on S, Ne/v is generated by global sections 
and Pg{S) = h^{Ns/v) = 0. Then the Hilbert scheme Hilb'*^^ of smooth curves on V 
contains infinitely many generically non-reduced (irreducible) components Wn {n G Z>o) 
with the following property: 

(a) every member of Wn is contained in a deformation of S in V , and 

(b) every general member of Wn has a first order infinitesimal deformation whose pri- 
mary obstruction is nonzero. 

See Example 13.71 for 3-folds V with such S and E. 

Mumford [8] proved the non-reducedness of Hilb*'^ P^ (Example II. ip by a global ar- 
gument but later Curtin [2] gave another proof by infinitesimal analysis of deformations. 
Recently Nasu [9] has simplified and generalized Curtin's proof. This theorem follows the 
line of these works. Vakil [11] has also shown that various moduli spaces have non-reduced 
components by a different method (c/. Remark 13.91) . 

For a given projective scheme X, the set of morphisms f : X ^ V has a natural scheme 
structure as a subscheme of the Hilbert scheme of X x V^. This scheme is called the Hom 
scheme and denoted by Hom(X, V). When we fix a projective embedding V P", all 
the morphisms of degree d are parametrized by an open and closed subscheme, which we 
denote by Homrf(X, V). Our Example 11.21 gives rise to a counterexample to the following 
problem on the Hom scheme: 

Problem 1.4 {k = C). Is every component 0/ Hom(X, y ) generically smooth for a 
smooth curve X with general modulus and a general member V of the Kuranishi family 
ofV? 
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Let Hom8(X, V3) be the Horn scheme of morphisms of degree 8 from a general curve 
X of genus 5 to a smooth cubic 3-fold V3 C P"^. Its expected dimension equals 4 (c/. §1]). 

Theorem 1.5 (char A; = 0). Assume that V3 is either (moduli-theoretically) general or of 
Fermat type 

Then Hom8(X, V3) has an irreducible component of expected dimension which is generi- 
cally non-reduced. 

In order to prove Theorem II ■3[ we take a rational section v of the normal bundle Ns/v- 
Suppose that v has a pole only along a smooth curve E ^ C and of order one, that is, 
V G H^{Ns/v{E)) \ H'^{Ns/v)- Then the divisor {v)o of zero does not contain E as a. 
component. The restriction t>|^ belongs to if°(A^5/y|^) C H^{Ns/viE)\^) if and only if 

{v)onE>cnE (1.1) 

ClS db divisor on E. 

Theorem 1.6. Let C, E C S C V and v E H°{Ns/viE)) \ H^{Ns/v) be as above and 
assume that {E'^) < 0. // the following conditions are satisfied, then every first order 
infinitesimal deformation C of C C V , or a, whose exterior component coincides with 
is obstructed. 

(a) The equality holds in (11.11) . 

(b) Let d denote the coboundary map of the exact sequence of 

^~-^Ne/s^Ne/v^Ns/v\e-^^ (1.2) 

tensored with Os{E). Then the image d{v\^) ofv\^ E H'^{Ns/v{E)\^) is nonzero 
m H\Ne/s{E))-H\Oe{2E)). 

(c) The restriction map H'^{S,A) — > H^(E,A\^) is surjective, where A := C — 2E + 
Kv\s- 

If C 5* is a (— 1)-P-'^, Ne/v is generated by global sections and is a general 
member of H'^(Ns/viE)\^), then the condition (b) is satisfied (Lemma 13. 6p . If is a 
(— 1)-P-'^, we have (A.E) = and hence (c) is equivalent to that \A — E\ + E ^ \ A\. 

We prove Theorem 11.61 in §2] and Theorem 11.31 in §31 In the final section, we prove 
Theorem II. 5[ 

We work over an algebraically closed field k in arbitrary characteristic except for in 
mi We denote by {A.B) the intersection number of two divisors A and 5 on a surface. 
For a subscheme S of V and a sheaf J-' on V, we denote the restriction map H''{V, JF) —>■ 
H'{S,J^\^)hY 1^. 
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2 Obstruction to deforming curves 



2.1 General theory 

Let C be a smooth closed subvariety of a smooth variety V. We denote the normal bundle 
TComilc, Oc) of C in by Nc/v, where Xc is the ideal sheaf of C in V. An (embedded) 
first order infinitesimal deformation of C C is a closed subscheme C C Spec /c[t]/(t^) 
which is flat over Spec k[t]/ (t^) and whose central fiber is C C ^. Let be the ideal sheaf 
of C, which is also flat over k[t]/{t'^). The multiplication endomorphism of Oy ® fc[t]/(t^) 
by t induces a homomorphism X^ (9^, which factors through a : Xc — ^ tOc — Oc- 
Moreover, C is recovered from the homomorphism a : Xq —>■ Oc- In the sequel we identify 
C with a G H\Nc/v)- 

The standard exact sequence 

— >Xc — >Ov — >Oc — ^ (2.1) 

induces 5 : H^{Nc/v) = ^om(Xc,Oc) Ext^ (Xc,Xc) as a coboundary map. Then C 
lifts to a deformation over Spec fc[t]/(t^) if and only if 

ob(a) := 6{a) U a = a U key U a G Ext^(Jc, Oc) 

is zero, where key ^ Ext^{Oc,Xc) is the extension class of (12. ip . ob(a) is called the 
obstruction of a (or C). Since both C and V are smooth, ob(a;) is contained in the 
subspace H\Nc/v) C Ext\Xc,Oc) [cf- [H Chap. I, Proposition 2.14]). 

The tangent space of the Hilbert scheme Hilb \^ at [C] is isomorphic to H^{Nc/v)- If 
Hilb V is nonsingular at [C], then every first order infinitesimal deformation of C C lifts 
to a deformation over Spec A; [t]/(t") for any n>3- If ob(a) ^ for some a G H'^{Nc/v), 
then Hilb V is singular at [C] . 

Let L be a line bundle on V and S : H^{C, L|^) — > H^{V, L Xc), u ^-^ uU key, the 
coboundary map of the exact sequence L(?0( l2.ip . We denote the composite of 6 and the 
restriction map |^ : H^{y,L®Xc) ^ H^{C,L\^® Nc/v"^) by 

dc,L - H\C,L\^) H\C,L\^<^Nc/v^)- (2.2) 

If V is projective, C is a divisor and L = Ov{C), then 

dcovic) ■■ H\C, Nc/v) — H\C, Oc) (2.3) 

is the tangential map of the natural morphism C i— > Oc{C') from the Hilbert scheme of 
divisors C" C to the Picard scheme Pic C. 
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2.2 Exterior component 

From now on we assume that C is contained in a smooth divisor S dV . There exists a 
natural exact sequence 

Nc/s Nc/v ^ Ns/v\c (2.4) 

of normal bundles. In this article we compute not oh^a) itself but its image by 

H\ns) : H\Nc,v) H\Ns/v\^). 

We call the image the exterior component of ob(a) and denote by ob5(a). Here we give 
another expression of oh s{ot). Let 

dcovis) ■■ H%Ns/v\c) ^ H'iOciS)) H\C,Nc/v'' ® Ns/v\c) 
be the map (12.21) for the line bundle L = Cy(S'). We abbreviate this as dc- 
Lemma 2.1. 

obs'(a;) = dciiTsici)) U ct) 

where U is the cup product map 

H\C,Nc/v"' ®Ns,v\c) X H\C,Nc/v) ^ H\Ns,v\c)- (2-5) 

Proof. For each i = and 1, H\tts) is equal to the restriction to H\Nc/v) C Ext*(Xc, Oc) 
of the cup product map Ext*(Jc, Oc) ^ Ext\Is, Oc), where l : Is ^ Ic is the natural 
inclusion. Recall that the coboundary map 6 in §2. II is also a cup product map with the 
extension class \<.c,v of fl2.1l) . Therefore we have 

7r5(ob(a;)) = i U (a U key U a) = irsia) U key U a = dciTTsict)) U a. □ 

Let ds : H^{C, Ns/v) H\S, Os) be the map for S CV. ds and dc are closely 
related by the following commutative diagram: 

H%Ns/v) ^ H\Os) 

\c 

Jc H\Oc) (2.6) 

H''{Ns/v\c) ^ H\Nc/v'' ®Ns/v), 

where l : Oc Nc/v"^ ® Ns/v is the inclusion induced by tts of (12.41) . In some cases the 
exterior component of ob(a) depends only on that of a. 
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Lemma 2.2. Ifnsia) E H^{Ns/v\fj) lifts to a global section v of Ns/v, then we have 

ohsia) = ds{v)\^ U ns{a). 



TVS 



Proof By the diagram (12.61) we have dc{7!'s{(^)) = H^{'^){ds{v)\^)- By the commutative 
diagram 

dc{7!-s{(y)) OL 

m m 
whose first cup product map is (12.51) . we have 



X H%Ns/v 



U . rjl 



CI 



H\Ns,v 



c> 



in E^[Nsiv\c) by Lemma EH □ 



2.3 Infinitesimal deformation with a pole 

We assume that is a 3-fold, S* C is a smooth surface and is a smooth curve on 5* with 
(i?^) < as in Theorem II. 6 [ We denote the complemental open varieties S\E and V\E by 
S° and V\ respectively, and the map (EJ]) for S° C V by ds^ : H'^{Nso/vo) H\Oso). 
In this subsection we study the singularity of ds°{v) G H^{Os°) along the boundary E 
for V G H^{S, Ns/v{E)) (an infinitesimal deformation with a pole). The pole of ds°{v) is 
of order at most 2 and its principal part coincides with d{v\^) (Proposition 12.41) . 

Let L : S° S he the open immersion. Then l^,Os° contains Os{nE) as a subsheaf 
for any n > 0. There exists a natural inclusion Os C Os{E) C ■ ■ ■ C Os{nE) C • ■ ■ and 
is the inductive limit \imn-,ooOs{nE). 

Lemma 2.3. Let L be a line bundle on S. //deg(L|^) < 0, then 

H\S,L)^E\S'',L\^^) 
induced by the inclusion L ^ L ® i*Os° is injective. 

Proof. There exists an open affine finite covering ii = {Ui}-^^ ^ of S. Let c = 
{cij}i<i<j<n be a 1-cocycle with coefficient L with respect to it and 7^ its cohomology 
class in H^{S, L{mE)) for every m > 0. If c is a 1-coboundary of -^^l^o) then c becomes 



6 



that of L{mE), that is, 7^ = 0, for a sufficiently large m. Since deg(L|^) < 0, we have 
H°{E,L{mE)\j^) = for m > 1. Hence 

H\S, L{{m - 1)^)) — ^ H\S, L{mE)) 

is injective. Therefore, 7^-1 is also 0. By induction 70 is zero in H^{S,L). □ 

By the lemma, the natural map H^{Os(2E)) — > H^{Os°) is injective. We identify 
H^{Ns/v{E)) and H^iOsi'lE)) with their images in H%Nsyv°) and H\Oso), respec- 
tively. 

Proposition 2.4. (1) ds^H^S, Ns/v{E))) C H\S, Os{2E)). 

(2) Lei ds be the restriction of ds° to H^{S, Ns/v{E)) and let d be the coboundary map 
in Theorem \l.(A Then the diagram 

H%S,Ns/vm H\S,Os{2E)) 

\e \b 

H\E,Ns/v{E)\^) H\E,Oe{2E)) 

is commutative. 

Proof. Let 11 := {f/i}i6/ be an affine open covering of V and let Xi = ?/i = be the local 
equation of E over Ui such that yi defines 5* in f/j. Through the proof, for a local section 
t of a sheaf J-'onV,i denotes the restriction G for conventions. Let D^.^ and D^^ 
denote the affine open subsets of Ui and UiHS defined by 7^ and Xi 7^ 0, respectively. 
Then {-Dx,}jg/ is an affine open covering of 5*° since D^^ = D^. n S = Ui H S°. 

Let f be a global section of Ns/v{E) ~ Os{S){E). Then the product XiV is contained 
in H^iJJi, Os{S)) and lifts to a section s[ G r(f/j, Ov{S)) since Ui is affine. In particular, 
V lifts to the section Sj := s',Jxi of Ov°{S°) over Dj,^. Then we have 

5{v)i, = Sj - Si in T{D,^ n D,^., Oyo(^°)) 

for every z, j, where 6 : if°((95o(S'°)) — iJ^((9v'°) is the coboundary map of 

[0 — > X50 — > Oyo — > Oso — ^ 0] ® Ovo{S°) 

in §2.1[ Since f is a global section of Os°{S°), S{v)ij is contained in r(D^. fl D^j, Ov°)- 
Moreover since XiSi = s[ E T{Ui,Ov{S)) for every i, fij := XiXj5{y)ij is contained in 
r([/j n t/j, Oy )- Hence we have 

dAv\, = {6{v),,)\^^ = ^ in V{D^^f\D^^,Oso), 
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where fij is the restriction of fij E OuiCiUj to S* fl f/j fl Uj. By definition fij belongs to 
T{S n f/j n Uj, Os)- Hence ds°{v)ij is contained in r(5' fl f/j fl Uj, Osi^E)). Thus we have 
proved (1). 

Now we compute the image of ds{v) = dso{v) by the restriction map H^{S, Osi^E)) — >• 
H\E,Oe{2E)) regarding Oe{2E) as the quotient sheaf Os{2E)/Os{E). For the com- 
putation, we need to consider the relation between the local equations Xi = yi = of E 
over t/j's. Since the two ideals Cjy.Xi + OuiVi and Ou^Xj + Ou^Uj define the same ideal 
over f/j n Uj, there exist elements hij and Cij of Ou^nUj satisfying Xi = hijUj + CijXj. Then 
we have 

fij XiSj XjSj^ CijXj^Sj ~\- (^CijSj s^Xj (bijUj^Sj ~\- {cijSj s^Xj 

and 

h = iPm)s'j + - s'i)xj in r(5 n f/, n Uj, Os) 

since {hijyj)s'j belongs to Ou^nUj- Hence we have 

dsiy) ■ ■ = ■^'■^ = ^'^^^ ■ ^ + ^'^^'^ ~ = ^'^^^ ■ V + ^'^^'^ ~ ^'^ 

nr* . nf . f . 'y . /if . nf* . f . 

in T{S nUiH Uj, Osi2E)), where b~y'j is a section of Osi-S) ~ Ns/v"^ over SnUnUj. 
Since 

Cijs'j — s[ = CijXjV — XiV = in T{S fl f/j fl Uj, Os{S)), 

Cijs'j — Sj G Ouir\Uj{S) is contained in Ou^nUj- Hence Cijs'j — s'i/xi is contained in T{S fl 
f/j n Uj, Os{E)). On the other hand, the restriction of the 1-cochain [bijUj/xi^ ^ .^^ to E 
is a cocycle and represents the extension class e G H^{Oe{—S + E)) of the exact sequence 
(11.21) . Therefore ds{v)\^ is equal to e U (f |^) = d{v\^, which shows (2). □ 

2.4 Computation of obstructions 

The purpose of this subsection is the proof of Theorem II. 6[ Let f be a global section of 
H^{Ns/v{.E)) which satisfies the inequality (11. II) . Let k^; = k^; ^ and k^ = k,^^ be the 
extension classes of the exact sequences 

— ^ Os{~E) — ^Os — ^Oe — > and — ^ Os{-C) — ^ Os — ^ Oc — > 

on S, respectively. We regard (resp. v\^) as a global section of Ns/v\(j (resp. 
Ns/v{E — Then we have the following: 

Lemma 2.5. 

v\^U\^c = v\j^U\^E in H\Ns/vhC)). 
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Proof. We have the following commutative diagram of O^-modules 











Osi- 



C-E) ^ Os{-C)®Os{-E) 



Os{~C-E) 



^cnE 
\c 







Osi-E) 



Oci-E) ^ 



0Ns/viE) 



whose first row is the Koszul complex of C fl -E. By (11.11) the global section v belongs to 
H^iXcnE ® Ns/v{E)). By the commutativity, the coboundary map 

H%IcnE ® Ns/v{E)) — H\Ns/v{-C)) 

and similarly to (Uk^;) o |^. □ 

We need to consider the relation between the two maps dc and ds allowing pole along 
„ i\r, «[\ u„„„™„„ ^Yie partially commutative diagram 

H\Os{2E)) 



of the first row is equal to (Uk, 



-c)°\c 



E. The diagram fl2.6p becomes 

V e H\Ns/v{E)) 



u e 



H^{Ns/v{E)y 

u 

H\Ns/v\ 



dc 



\c 

H\Oc{2Z)) 

H\,) 

H\Nc/v''®Ns/v{2Z)) 
T 

H\Nc/v'' ®Ns/v), 



(2.7) 



where Z is the scheme-theoretic intersection C (1 E. In other words, the commutativity 
holds only for u E H^(Ns/v\q) which has a lift v E H^(Ns/viE)). More precisely, for 
such a pair u and v, we have 



dciu) = H\L)idsiv) 



\c' 



{21 



Here * denotes the image of * G H\C,J^) (resp. * e H\S,J^)) in H\C,J^{2Z)) (resp. 
H^{S, J-'{2E))), where JF is a vector bundle on C (resp. S). 



Proof of Theorem 11.61 Let a E H^{Nc/v) be as in the theorem. It suffices to show 
that the exterior component obs(a) is nonzero in H^{Ns/v\(j)- In fact, we show that its 
image ob5(Q;) in H^{Ns/v{2E)\^) is nonzero. The following generalizes Lemma [2^ under 
the circumstances: 

Step 1 

obs(a) = ds{y)\ U 7r5(a). 
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Proof. By Lemma 12.11 ob5'(a) is equal to the cup product dc{TTs{(^)) U a. By fl2.8p 
dci'i^sioi)) is equal to H^{L){ds{v)\^). The rest of the proof is same as that of Lemma [2^ 
By the commutative diagram 

H\Nc/v''(^Ns/v{2E)) x i/°(iVc/y) ^ H\Ns/v{2E)\) 



H\Oc{2Z)) 



X H%Ns/v\c) ^ H\Ns/v{2E)\c> 
we have the required equation. □ 

We relate ohsio) with a cohomology class on E by Lemma | 
Step 2 

ob5(a) U kc = {ds{v)\j^Uv\j^)U\^E 

in i72(Ar^/^(2i?_c)). 
Proof. Since 



c> 



H\Ns/v{2E) 



c> 



id 



id 



H\Os{2E)) X i/0(iVs/v^ 



id 



Ukc 



i/i(05(2i?)) X i/i(iV5/v.(-C)) 
is commutative, we have a commutative diagram 



H\Ns/v{2E%) 

Ukc 



obs(a) 



Ukc 



H\Oc{2Z)) X /70(iVs/v.| 
Ic 

i7i(05(2i5;)) X H\Ns,v{-C)) 



i/i(iV^/v.(2E)|^) 

Ukc 

H\Ns,v{2E-C)). 



Hence we have 



(2.9) 



ob5(a) U kc = {ds{v)\^ U 7r5(a)) U kc = ^^(^O U (7r5(a) U kc) 
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in H'^{Ns/v{'^E — C)) by Step 1. There exists a commutative diagram 



H\Oe{2E)) X H\Ns/v{E-C)\ 



H^{Ns/vi3E-C)\j 



Ukf 



H\Ns/v{2E-C)), 



H\Os{2E)) X H\Ns,v{-C)) — 
dsiy) 

similar to (12.91) . Therefore by Lemma 12.51 we have 



Thus we obtain the equation required. □ 



(2.10) 



Step 3 Since ds{v)\^ = ^^(^1^) by Proposition 12.41 (2), we obtain ds{v)\^ 7^ by 
the assumption (b). Since Ns/viE — C)\^ is trivial by the assumption (a), we have 
dsiv)\j^ Uv\j^ in H\Ns/vi^E - C)\j^) ~ H^{Oe{2E)). Consider the coboundary 
map 

U kE : H\Ns/v{SE - C)|^) H\Ns/v{2E - C)), 
which appears in (I2.10p . By the Serre duality, it is the dual of the restriction map 

H'^iS, C + Kv\g- 2E) ^ H\E, {C + Ky - 2E)\j^), 

which is surjective by the assumption (c). Hence the coboundary map Uk^; is injective. 
Therefore we obtain ds{v)\^ U U k^; 7^ and hence by Step 2 we conclude that 
obs(«) ^ in H\Ns/v{2E%). 

Thus we have proved Theorem 11.61 



3 Application to Hilbert schemes 

In this section, we apply the result of the previous section to prove Theorem 11.31 We 
generalize Mumford's example (Example ll.il) and show that for many uniruled 3-folds V, 
their Hilbert schemes Hilb*'^ V contain similar generically non-reduced components. 



3.1 Dichotomy 



We explain the detail of Example II. 2| which is a prototype of the non- reduced components 
constructed in §3.41 It is simpler than Mumford's example in applying Theorem 11.61 Let 



11 



C, E, S, V, h and W be as in Example O Then by (C.E) = {2h + 2E.E) = 0, the 
intersection Cfl-E is empty, which is the main reason for the simphcity. By adjunction, we 
have Os{—Ks) — Os{h) ~ Ns/v- By adjunction again, Ns/v\(j and Nc/s are isomorphic 
to Oc{Kc) and Oci^Kc)^ respectively. By the exact sequence fl2.4p . h^{Nc/v) is equal 
to 

h\Nc/s) + h\Ns/v\c) = h\2Kc) + h\Kc) = 12 + 5 = 17. 

Hence the tangent space tw,c of W at [C] is of codimension one in the tangent space 
H^{Nc/v) of Hilb^'^y. We have only the following two possibilities {i.e. dichotomy): 

[A] W is an irreducible component of (Hilb*'^ l^)red- Moreover Hilb'^'^l^ is generically 
non- reduced along W. 

[B] There exists an irreducible component W of Hilb**^ V which contains W as a proper 
closed subset. Hilb'^'^V^ is generically smooth along W. 

We prove that the case [B] does not occur. 

Proposition 3.1. The Hilhert scheme of smooth curves on a smooth cubic 3-fold V con- 
tains a generically non-reduced component W of dimension 16 such that (ly)red = W . 

Proof Consider the exact sequence 

Ns/v Ns/viE) — ^ Ns/v{E)\^ 0. 

Since H^{Ns/v) — H^i^sih)) = 0, there exists a rational section v of Ns/v having a pole 
along E. By H^{Nc/s) — H^i'^Kc) = and (12.41) . there exists a first order infinitesimal 
deformation C gV x Spec fc[t]/(t^) of C C whose exterior component 7r5(a) coincides 
with v\^,. Since S is general, so is E. Hence, by [S, Proposition 1.3], the normal bundle 
Ne/v is trivial. Moreover it is easily checked that the other conditions of Theorem 11.61 
are satisfied. For example, since f |^ 7^ and the coboundary map d is injective, we have 
(a). Since C ~ —Kv\g + 2E, we have A = by definition. Therefore we have (b). Thus 
we conclude that C is obstructed by the theorem. This implies [A]. □ 

Remark 3.2. By a similar method, we can show the non-reducedness of Hilb^^P^ along 
W = W^^ for Mumford's example in arbitrary characteristic. 

3.2 ^-maximal family of curves 

Let be a smooth projective 3-fold and let S" be a smooth surface in V. We introduce 
the notion of S'-maximal families, which is analogous to s-maximal irreducible subsets 
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defined in [6] for Hilb^'^P^. We assume tliat tlie Hilbert sclieme Hilb \^ of \^ is nonsingular 
at [S]. Let Us be tlie irreducible component passing througli [S] and let 

V xUsDS ^Us 

be the universal family over Us- Let C be a smooth curve on S and assume that Hilb*'^ S 
is nonsingular of expected dimension {=x{Nc/s)) at [C] (^-e. H^{Nc/s) = 0). Then 
the Hilbert scheme Hilb^'^iS, which is same as the relative Hilbert scheme of S/Us is 
nonsingular at [C]. The first projection pi : S ^ V induces the morphism Hilb^'^iS 
Hilb^'^V^. Let Ws,c be the irreducible component of Hilb '^'^ 5 passing through [C]. We call 
the image of 'Ws,c in Hilb*'^ V the S -maximal family of curves containing C and denote 
it by Ws,c- We illustrate Ws,c by the diagram 

Ws,c C Hilb*'^ S S (universal family) 

Ws,c C Hilbl^ D Us. 
There exists a commutative diagram 

0— Nc/s — Nc/v ^ Ns/v\c ^0 

II T T 

0—^ Nc/s Nc/s Ns/s\c ^0. 

■^H0{Ns/v)®Oc 

Here the two horizontal sequences of normal bundles are exact. By the diagram, we have 
the following lemma. 

Lemma 3.3. The cokernel (resp. kernel) of the tangential map 

K^c] ■■ H'>{Nc/s) H%Nc/v) (3.1) 

of yVs,c ~^ Hilb'^'^y at [C] is isomorphic to that of the restriction map H^{Ns/v) 
H"{Ns/v\c)- 

3.3 Construction of obstructed curves 

From now on we assume that the geometric genus Pg{S) is zero and H^{Ns/v) = 0. Let E 
be a (— 1)-P^ on S whose normal bundle Ne/v is generated by global sections. We denote 
by e : S* -F the blow-down of E from S. 

Proposition 3.4. Let Ai he a very ample divisor on F . Then for each sufficiently large 
integer n, A„ := nAi satisfies the following conditions: 
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[i] the linear system An := |e*A„ — + 2E\ on S contains a smooth connected 
member C , 

[ii] the restriction map A„ A„|^ is surjective, 

[iii] W{S, e*An + E) = for i = 1,2, 

[iv] H^{S,e*An- E) = and 

[v] H\C,Nc/s)=0. 

In the next subsection, we will show that Hilb''^ V is non-reduced in a neighborhood 
of the corresponding point [C]. 

Proof. We have xi^E/v) = deg(— f^yl^) = deg Ne/v + 2. Since Ne/v is generated by 
global sections, we have deg A''£;/y > and hence deg{—Kv\^) > 2. We have (D.E) > — 1 
for D = E, —E, —Kv\g + E and —Kv\g + 2E. By the lemma below, there exists an 
integer mi such that for each n > mi, all of the cohomology groups H^{e*{nAi) + E) 
{i = 1,2), H\e*{nAi) - E), H\6*{nAi) - Kv\g + E) and H^{e*{nAi) - iTyj^ + 2E) 
vanish. 

Put e := deg(— i^'y]^ + 2E)\^. Then e > 0. Suppose that e = 0. Then there exists 
an integer m2 such that for each n > m2, nAi + e^{—Ky\^ + 2E) is very ample on 
F. Hence by the Bertini theorem (c/. [H Chap. II, Theorem 8.18]), the linear system 
\nAi + e^{—Kv\^ + 2E)\ contains a smooth connected member. Suppose that e > 0. 
Then there exists an integer m2 such that for each n > m2, A„ = |e*(nAi) — Kv\g + 2£'| 
is base point free and e*{nAi) — Kv\g + 2E is ample. Then by the Bertini theorem again 
and [U Chap. Ill Corollary 7.9], A„ contains a smooth connected member. 

Assume that n > max{mi,m2} and let C be as in [i]. Then we obtain [ii], [iii] and 
[iv] by the choice of mi. Finally we prove [v]. Consider the exact sequence 

Os{C) ^ Nc/s — 0, 

which induces 

H\S,OsiC)) H\C,Nc/s) — H\S,Os). 

It follows from the choice of mi that H'^{C) ~ H'^{£*{nAi) - Kv\g + 2E) = 0. Since 
Pg{S) = 0, we have H\Nc/s) = 0. □ 

Lemma 3.5. Let D be a divisor on S with {D.E) > —1. Then there exists an integer mo 
such that for each i > and each n > ttlq, we have H'^{S,e*{nAi) + D) = 0. 

Proof. By assumption, D is linearly equivalent to e*D' — jE for some divisor D' on F, 
where j = (D.E) > —1. If j > 0, by the Serre vanishing theorem, there exists an integer 
mo such that if* (5*, e*{nAi) + D) ~ H'-{F, m^(D' + nAi)) = for each n > mo, where ntp 



14 



is the maximal ideal at p = e{E). If j = (D.E) = —1, then we have H^{Oe{D\^)) = 0. 
Hence by the exact sequence 

[0 Os{D -E)^ Os{D) ^ Oe{D\^) ^ 0] ® Os{e*{n^,)), 

the assertion follows from the case j = 0. □ 

3.4 Proof of Theorem D 

Let C G A„ be as in [i] of Proposition 13.41 for a sufficiently large integer n. By assumption 
and [v], Hilb Hilb'^'^ 5* and Hilb'^'^5 are nonsingular (of expected dimension) at [S], [C] 
and [(C, S*)], respectively. We consider the ^-maximal family Ws,c of curves containing 
C {cf. §3.21) . Let K[c] : H'^{Nc/s) H^{Nc/v) be the tangential map of the morphism 
Hilb"^5 Hilb'^r {cf. (EH)). Then we have the following: 

Claim 1 dimcokerK[c] = 1. 

Proof. By Lemma [3.31 the cokernel is isomorphic to H^{Ns/v{—C)) since H'^{Ns/v) = 0. 
Since Ns/v{-C) ~ Kg - Kv\g - C ^ Kg - £*A„ - 2E, we have H\Ns/v{-C)) - 
H^{e*An + 2Ey by the Serre duality. Let us consider the exact sequence 

— ^ Os{e*An + E)^ Os{e*A„, + 2E) Oe{2E) 0. 

By the condition [iii], we have H\e*Ar, + 2E) ~ H\Oe{2E)) ^ A;. □ 

If a G imfi;[c], then the corresponding first order infinitesimal deformation C of C G V 
is realized as a member of Ws^- Hence by Claim 1, the same dichotomy between [A] and 
[B] in go holds for W := Ws,c- 

Claim 2 If a ^ im k,[c]j then C is obstructed. 

Proof. We show that the exterior component Tisicn) G H^{Ns/v\fj) of a lifts to a rational 
section v of Ns/v having a pole of order one along E. Consider a commutative diagram 

H'{Ns/v) ^ H^{Ns/v\c) ^ H\Ns/v{-C)) c:^ k 

n n i 

H^iNs/viE)) H^{Ns/viE)y H\Ns/v{E - C)). 

By the Serre duality and the condition [ni], we have H^{Ns/v{E-C)) ~ H'^{e*An + Ey = 
0. Hence there exists v G H^{Ns/viE)) such that = Tisicn). By the choice of a, v is 
not contained in H'^{Ns/v)- 

Now we check that the two assumptions (a) and (b) of Theorem II. 61 are satisfied. First 
we consider (a). Since v\^, = TTs{a) is contained in H'^{Ns/v\fj), we have {v)or\E > CDE 
as divisor on ii^ ~ P^. Note that 

m := (C.E) = i-Kv\^ + 2E.E) = deg{-Ky\^) - 2 = degNE/v = degNs/v{E)\j^. 
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By the degree reason, we have (f )o (1 E = C (1 E. Since C is a general member of A^, 
by the condition [ii], C meets E at general m points on E. Hence f |^ is a general global 
section of Ns/viE)\^. Therefore we have (a) by Lemma [3.61 below. Consider the exact 
sequence ^ Os{e*An - E) ^ Cs(e*A„) ^ Oe ^ for (b). It follows from [iv] 
that the restriction map H^{S,6*An) — > H^{E,Oe) is surjective. By Theorem 11.61 C is 
obstructed. □ 

Lemma 3.6. Let d be the coboundary map in Theorem M.bX If N^/v is generated by global 
sections and t is a general global section of Ns/viE)\^, then the image d{t) is nonzero in 
H\Oe{2E)). 

Proof. By assumption, we have H^{Ne/v{E)) = and hence d is surjective. Since 
t G H^(Ns/viE)\^) is general, it is not contained in the kernel of the coboundary map 
and hence d(t) 7^ 0. □ 

Therefore, by Claim 2, we have [A] and hence we have proved Theorem 11.31 
3.5 Examples 

If V is separably uniruled and ii^ ~ sweeps out V, then Ne/v is generated by global 
sections. 

Example 3.7 (char A; = 0). The following V, S and E satisfy the assumption of Theo- 
rem [L3l 

(1) V" is a Fano 3-fold whose anti-canonical class —Ky is a sum if + if ' of two am- 
ple divisors H and H'. Then |ii| contains a smooth member S. If {V,H) 9^ 
(P3, Op(l)), (P^ Cp(2)), {Q'\ Cq(1)), then S contains a (-l)-Pi E. 

(2) V has a P^-bundle structure tt : V —>■ F over a smooth surface F with = in 
Zariski topology. Let Si G V he a rational section of tt and S a smooth member of 
l^i + iT*A\ for a sufficiently ample divisor A on F. Then 7t\s : S ^ F is birational 
but not isomorphic. Hence 5* contains a (— 1)-P^ E. 

(3) V has a P^-bundle structure tt : V ^ C over a smooth curve C. Let 0{1) be 
a relative tautological line bundle and S a smooth member of |(9(2)(7r*yl)| for a 
sufficiently ample divisor A on C. Then 7r|5 : — C is a conic bundle with a 
reducible fiber. An irreducible component i? of a reducible fiber is a (— 1)-P^. 

Remark 3.8. Deformations of the curve C C P^ in Example 11.21 in a smooth quintic 
3- fold V5 C P^ was studied as Voisin's example in Clemens-Kley [T]. They showed that 
the Hilbert scheme Hilbg^g V5 has an embedded component at [C] . 
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Remark 3.9. Recently Vakil [llj has shown that various moduli spaces, including the 
Hilbert schemes of space curves (but not including Hilb'^'^P^), satisfy "Murphy's law", i.e., 
every singularity type of finite type over Z appears on the moduli spaces. 

4 Application to Horn schemes 

Let be a smooth projective variety and X a (smooth projective) curve. It is well known 
that the Zariski tangent space of Hom(X, V) at [/] is isomorphic to H^{X, f*Tv) and the 
following dimension estimate holds: 

xirTv) < dim[/] Hom(X, V) < dimH\X, /*Ty), (4.1) 

where Ty is the tangent bundle of V. The lower bound x{f*Tv) = deg f*{—Kv)+n{l — g) 
is called the expected dimension, where n = dimV and g is the genus of X. 
In this section we prove Theorem 11.51 First we recall a simple unprojection. 

Lemma 4.1. A smooth cubic surface S G is isomorphic to the image of a smooth 
quartic del Pezzo surface F = (2) fl (2) Gf"^ by a projection from a point on F. 

Proof. As is well known S contains a line E. Choose a homogeneous coordinates (xi : 
X2 ■ Xs : X4) of P'^ such that E is defined by Xi = X2 = 0. Then the equation of S is 
Xiq{x) + X2q'{x) = for quadratic forms q{x) and q'{x). S is the image of the quartic 
del Pezzo surface F : q{x) + X2y = q'{x) — Xiy = in the projective 4-space with 
coordinate (x : y) from the point (0 : : : : 1) G -F. □ 

Let X be a general curve of genus 5. The canonical model of X, that is, the image of 
X ^ P^, is a general smooth complete intersection gi = ^2 = Q's = of three quadrics. 
Let p be a general point of the ambient space P^ and Fp the intersection of two quadrics 
q and q' which belong to the net of quadrics (gi, q2, q3)k and pass through p. We denote 
the blow-up of Fp at p hj 7Cp : Sp Fp. Then we have a commutative diagram: 

X C Fp C P^ 

II t-^ In. (4-2) 

C G Sp G P3, 

where C is the inverse image of X in Sp and Up is the projection from p G Fp\X. Since 
X belongs to the linear system | —2Kf\ on Fp, C belongs to |7r*(— 2_ft'i?)| = | — 2Ks + 2E\ 
on Sp, where E is the exceptional curve of Sp — > Fp. Since q, q' and p G Fp are general, 
Sp is a general cubic surface by Lemma 14.11 

Let W be the generically non-reduced component of Hilb'^'^ V3 in Proposition 13. 1[ Let 
If : W ^ DJI5 be the classification morphism of W to the moduli space of curves of genus 
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5. The fiber at the point [X] G OJls is isomorphic to an open subscheme of 

Hom(X, V3). We show that its Zariski closure T in Hom(X, V3) satisfies the requirement 
of Theorem 11.51 

In the Fermat case, every general cubic surface is isomorphic to a hyperplane section 
of v^"^^^^^ by the following theorem, for which we need char /c = 0. 

Sylvester's pentahedral theorem ([101 Chap. §84], [3J) Every general cubic form 
Fiyo,yi,y2,y3) of A variables is a sum ^^(^/o, Z/i, I/2, Z/s)^ of the cubes of 5 linear forms. 

Hence Sp is isomorphic to a hyperplane section of Vg^^''™'^* and C is a general member 
of p^i^ermat_ Therefore, the classification morphism ip'^^'^'^^^ ■, yf/ Fermat _^ gj^^ -g (dominant 
by the diagram fOj) and the fiber T^""™^* is of dimension 4. Since dJl^ is generically 
smooth, T^'^™^^ is generically non-reduced. 



Theorem 1 1.51 for a general V3 follows from the Fermat case by the upper semi-continuity 
theorem on fiber dimensions. □ 

Theorem 11.51 holds true for a smooth V3 if the answer to following is affirmative: 

Problem 4.2. Is the classification map 

dominant for a smooth cubic 3-fold V3 C ? 
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